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Preprocess a text string I' (length 7)) to answer pattern matching queries. ..

After preprocessing, a query is a pattern P (length m),

the output is a list of all matches in 1.
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® [ ast lecture we saw the that text indexing problem can be solved using a suffix tree

which uses O (n) space (when it's stored compacted)

® Queries take O(m + occ) time when the alphabet size is constant

- occ is the number of occurences (matches)

® Suffix trees can be constructed in O (7)) time (but we only saw how to achieve O (n?) time)
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® The symbols themselves must have an order
throughout we will use alphabetical order

v/\_/ just a fancy name for the order the strings would appear in the dictionary

In lexicographical ordering we sort strings based on the first symbol that differs:

alal < |bla|l < |b

C

If the symbols don’t have a natural order, we use their binary representation in memory
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From Suffix Trees to Suffix Arrays

| n I

bla|nlaln|al|s

01 2 3 4 5 6

Suffix Array

Recall that we can get get the Suffix Array from the Suffix Tree
using depth-first search in O(n) time
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a | m |

ajclb|b|d|c clclblbld|c|d]|a find P lc|blbld]|c
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bld|c|d|a

clalc|c|bl|b cld|a

clb|b|d|c|a clb|bld|c|d|a

clb|b|d|c|d

clclblbld]c a | n i
TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
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11 |b|ld|c|d]|a
ollclalclc|blbldlcld|a
clb|bld|cl<|c|c|b|b|d
2llc|b|bld|clalc|c|blbld|lc|d|a
Olfc|b|bld|c|d]|a
—» 8|[cTelolbldlcld]a | n |
T'Iblalc|blbld|clalc|lc|blbl|ld|c|d]|a
13([cld|a 012345678 9101112131415
1411 d|a
5|[d]cla]c]c]b]b]d][c]d]a !
12]|djc|d]a Suffix Array  [15[1]7]0]3[10[4[11]6]2]9]8[13[14]5 [12




Searching in the Suffix Array

occurences must start in here

| m |
1 lalc|b|b|d|cl|lalc|c|blb|d|cl|d]|a find P lc|lb|bl|d]|c
7T lalclelblbldlcld]|a
Of|blalc|blbld|lclalc|c|blbld|c|d]|a
3lb|bld|clalclc|blbldlc|d|a
Key Idea:
10 |b|bld|cld|a
Find an occurence of P
4 |bld|clalc|c|b|b|d|c|d]|a using binary search
11 |b|d|c|d]|a
6l|clalc|c|b|bld|c|d|a . "
c{b-de<CC:bbd
21lc|b|bld|clalclc|b|bld|c|d]|a T =
a9l{c|blb|dlc|d|a
—» s|[cTelolaldlcld]a ’ n |
T |blalc|b|bld|clalec|c|blbld|c|d|a
13| cld|a 012345678 9101112131415
14||d|a
5lldlclaleclelblbldlcld|a ¢
12]|djc|d|a Suffix Array  [15[1]7]0]3]10[4]11]6]2]9]8[13[14]5 |12




Searching in the Suffix Array

occurences must start in here

| m |
1 lalc|b|b|d|cl|lalc|c|blb|d|cl|d]|a find P lc|lb|lb|d]|c
7T lalclelblbldlcld]|a
O|blalc|b|bld|clalc|lc|blbld|cl|d|a
3 lb|lbldlclaljc|lc|b|bld|c|d]|a
Key Idea:
10 | blb|d|cld]|a
Find an occurence of P
4 |bld|clalc|c|b|b|d|c|d]|a using binary search
11 |b|ld|c|d]|a
ollclalclc|blbldlcld|a
clb|bld|cl<|c|c|b|b|d
2llc|b|bld|clalc|c|blbld|lc|d|a
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Searching in the Suffix Array

occurences must start in here

| m I
1 lalc|b|b|d|cl|lalc|c|blb|d|cl|d]|a find P lc|lb|lb|d]|c
7T lalclelblbldlcld]|a
O|blalc|b|bld|cl|lalcl|lc|b|bld|c|d]|a
3 lb|lbldlclaljc|lc|b|bld|c|d]|a
Key Idea:
10 | blb|d|cld]|a
Find an occurence of P
4 |bld|clalc|c|b|b|d|c|d]|a using binary search
11 |bld|c|d|a
ollclalclc|blbldlcld|a
—» 2l|lc|blbld|clalc|lc|blbld|c|d]|a

Olfc|b|bld|c|d]|a
8 [clclblbldlcldla | n |

TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
13 [c|d|a 012345678 9101112131415
14 |d|a
5 [d]c]a]c]c]b]b]d]c]d]a !
12 |djcld]a Suffix Array  [15[1]7]0]3[10[4[11]6]2]9]8[13[14]5 [12




Searching in the Suffix Array

occurences must start in here

| m |
1 lalc|b|b|d|cl|lalc|c|blb|d|cl|d]|a find P lc|lb|lb|d]|c
7T lalclelblbldlcld]|a
O|blalc|b|bld|clalc|lc|blbld|cl|d|a
3 lb|lbldlclaljc|lc|b|bld|c|d]|a
Key Idea:
10 | blb|d|cld]|a
Find an occurence of P
4 |bld|clalc|c|b|b|d|c|d]|a using binary search
11 |b|ld|c|d]|a
ollclalclc|blbldlcld|a
—» 2|lclblbld|c|la|lc|c|b|lbld|c|d]|a

Olfc|b|bld|c|d]|a
8 [clclblbldlcldla | n |

TIblalclblbld|c|alc|lc|blb|ld|c|d]|a
13 [c|d|a 012345678 9101112131415
14 |d|a
5 [d]c]a]c]c]b]b]d]c]d]a !
12 |djcld]a Suffix Array  [15[1]7]0]3[10[4[11]6]2]9]8[13[14]5 [12




Searching in the Suffix Array

occurences must start in here

| m |
1 lalc|b|b|d|cl|lalc|c|blb|d|cl|d]|a find P lc|lb|lb|d]|c
7T lalclelblbldlcld]|a
O|blalc|b|bld|clalc|lc|blbld|cl|d|a
3 lb|lbldlclaljc|lc|b|bld|c|d]|a
Key Idea:
10 | blb|d|cld]|a
Find an occurence of P
4 |b|d|c|alc|c|b|b|d|c|d]|a using binary search
11 |b|ld|c|d]|a
ollclalclc|blbldlcld|a
clo|lbl|dlcl=]|c|b|bl|ld]|C
—» 2|lclblbld|c|la|lc|c|b|lbld|c|d]|a

Olfc|b|bld|c|d]|a
8 [clclblbldlcldla | n |

TIblalclblbld|c|alc|lc|blb|ld|c|d]|a
13 [c|d|a 012345678 9101112131415
14 |d|a
5 [d]c]a]c]c]b]b]d]c]d]a !
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Searching in the Suffix Array

occurences must start in here

| m I
alc|b|bld|cl|lalc|c|b|bl|d dla find P |c bld|c
alclc|blbldlc|ldla
blalc|b|bldlclalclc|blb cldl|a
blbl|d|clalc|c|b|bld|lc]|d

Key Idea:

blbld|cld]|a

Find an occurence of P
bldlclajclc]blbld|c|d|a using binary search
bld|c|d|a
clalcleclblbldlcldla

clo|lbl|dlcl=]|c|b|bl|ld]|C
clblbldlclalc|lc|blbld]|c a
ToTolalcldla we found a match!
clelblbldlcldla n |

TIblalclblbld|c|alc|lc|blb|ld|c|d]|a

cldla 012345678 9101112131415
dla
dlclalclelplpldlcldla ¢
dlcjd]a Suffix Array  [15[1]7]0]3[10[4[11]6]2]9]8[13[14]5 [12
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Searching in the Suffix Array

a —m —
alc|blbl|d]|c cleclblbld|c|d|a find P lc|lb|lb|d]|c
alclc|b|b|d dla

blalc|b|b|d alclc|b|lbld|c|d|a

blbldlcl|a]|c blbldlcld|a

bl dleldla Key Idea:

Find an occurence of P
bldlclajclc]blbld|c|d|a using binary search
bld|lcl|d|a
clalclc|bl|b cld|a
clblbld|c|a clblbld|c|d]|a
clbl|bld|c|d
clclblbld]c a | n |

TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
cld|a 012345678 9101112131415
dla
dlclalclecl|b dlcldla
dlcld|a

Suffix Array |15[1|7|0(3(10]4 [11{6|2|9|8|13|14|5 |12
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Searching in the Suffix Array

a | m |
alc|blbl|d]|c cleclblbld|c|d|a find P lc|lb|lb|d]|c
alclc|b|bl|d d|a

bla|c|b|b|d alclclb|bld|lc|d]|a

blbld|c|a]|c blbldlc|ld|a

bl ldlcldla Key Idea:

Find an occurence of P
bldjclajc|c|blbld|c|d|a using binary search
bld|c|d|a
claleclelbld cldla How long does this take?
clblbld|c|a clblbld|lc|d]|a
clb|lbl|d|c|d
clclblbld]c a | n i

TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
cldla 01234506728 9101112131415
dla
dlclalclecl|b dlcldla
dlcld|a

Suffix Array |15[1|7|0(3(10]4 [11{6|2|9|8|13|14|5 |12




15

10

11

13
14

12

Searching in the Suffix Array

a | m |
alc|blb|d]|c clclb|bld|c|d]|a find P lclb|lbld|c
alclc|b|b|d d|a
blalc|bl|b|d alclclb|bldlc|d]|a
blbld|cla]c blbld|lc|d|a
Key Idea:
blbld|lc|d|a
Find an occurence of P
bldlclajc|c|b|bld|c|d|a using binary search
bldlc|d|a
claleclelbld cldla How long does this take?
O(m) time to compare two strings

clb|lbl|d|c|a clblbl|d|c|d|a
clblbld|c|d
clclblbld]c a | n i

TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
cjdja 012345678 9101112131415
dla
dlclalclecl|b dlcldla
dlcld|a

Suffix Array |15[1|7|0(3(10]4 [11{6|2|9|8|13|14|5 |12
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Searching in the Suffix Array

a | m |
alc|lb|b|d]|c clclb|b|d dla find P lc|b|bld]|c
alclc|b|bl|d dla
blalc|blbld alclcl|blb cldl|a
blbld|cla]|c blbld|c|d

Key Idea:
blbld|c|d]|a

Find an occurence of

bldlclajclc]blbld|c|d|a using binary search
bldlc|d|a
clalcleclols cldla How long does this take?

O(m) time to compare two strings
clblbld|c]a clbjbld]c a so O(m logn) time in total
clblb|d|c|d
clclblbld]c a n |

TIblalc|blbld|clalc|lc|blb|ld|c|d]|a
cld|a 012345678 9101112131415
dla
dlclalclecl|b dlcldla
dlcjd]a Suffix Array  [15[1]7]0]3[10[4[11]6]2]9]8[13[14]5 [12




15
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11

13
14

12

Searching in the Suffix Array

a | m |
alc|b|b|d|c clclb|b|d|c|d|a find P |c|b|bl|d
alclc|b|b|d d|a
blajc|b|b|d alclclb|bld|c|d]|a
blb|d|c|a|c blbld|cld]|a

Key Idea:
blbl|d|c|d|a

Find an occurence of I

bldjclajc|c|blbld|c|d|a using binary search
bld|c|d]|a
claleclelbld cldla How long does this take?

O(m) time to compare two strings
clbjbjdjc|a clbjbldjc|d|a so O(m log n) time in total
clbjbldic|d This method generalises to O (m log n + occ) time
clc|b|bld|c a to find all occ occurences. B
cldla by continuing the binary search ZI

(we will skip the details) |°
dla
dlclalclecl|b dlcldla
dlc|d|a

Suffix Array |[15(1({7|0|3|10(4 (11{6[2]9|8]|13

14

12




B s

The suffix array

T |blaln|ja|ln|al|s

Sort the suffixes lexicographically

Suffix Array 1135|1012 (4|6

S NN O Ot W o
-y
S|
S
Q
S
Q
W

Finding an occurrence of a pattern (length m) takes O(m log n) time
Finding all occurrences takes O (m log n + occ) time

where occ is the number of occurences



B s

The suffix array

T |blaln|ja|ln|al|s

Sort the suffixes lexicographically

Suffix Array 11315(0]2|4|6

S NN O Ot W o
-y
S|
S
Q
S
Q
W

Finding an occurrence of a pattern (length m) takes O(m log n) time
Finding all occurrences takes O (m log n + occ) time
where occ is the number of occurences

This can be further improved to O (m + logn + occ) time
(using LCP queries which we will see in a future lecture)



B s

The suffix array

T |blaln|ja|ln|al|s

Sort the suffixes lexicographically

Suffix Array 11315(0]2|4|6

S NN O Ot W o
-y
S|
S
Q
S
Q
W

Finding an occurrence of a pattern (length m) takes O(m log n) time
Finding all occurrences takes O (m log n + occ) time

where occ is the number of occurences

This can be further improved to O (m + log n + occ) time
(using LCP queries which we will see in a future lecture)

Do we really need to build the suffix tree to construct the suffix array?
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B1 contains indices with

B9 contains indices with

The DC3 metyz. fod 3 — 9

tmod 3 =1
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B1 contains indices with
tmod 3 =1

The DC3 method
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B9 contains indices with
1 mod 3 = 2
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B1 contains indices with B9 contains indices with B Bl
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Introduce a new

Ry = a b bla d alb b al|d o $
“filler symbol” $.
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Introduce a new

Ry = a b bla d alb b al|d o $
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R is split into blocks of length 3

“filler symbol” $.
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“filler symbol” $.




B1 contains indices with B9 contains indices with Bl B!
| The DC3 method
tmod 3 =1 1 mod 3 = 2

O (1112 3 |4}|5] 6 |7|I8] 9 |10} |1

T =|y|la|b|bla|d|a|b|b]a|d]|o

Introduce a new

=
||
Q
(o}
O
Q
o
Q
O
(o}
Q

d o $

“filler symbol” $.

Ry = b b a|ld a b|b d $ 9

.+ 4

Ro is also split into blocks of length 3
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Introduce a new

=
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O
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O
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&+

“filler symbol” $.




B1 contains indices with

i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
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Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a
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i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
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O
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o
o

Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)
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a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)



B1 contains indices with

i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
o
o

Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)



B1 contains indices with B9 contains indices with

The DC3 method

tmod 3 =1 1 mod 3 = 2

Introduce a new

G
|
Q
O
O
Q
o
Q
O
O
Q
o
o
&+

“filler symbol” $.

Bt

University of
BRISTOL

a

$

Number the in lexicographical order ($ is the smallest symbol)

This can be done by sorting the blocks in O () time using radix sort
we assume that the bit representation of each symbol uses O (log n) bits.

(which is a common and realistic assumption)




B1 contains indices with

i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
o
o

Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)



B1 contains indices with

i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
o
o

Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)

let R/ =




University of
B1 contains indices with B9 contains indices with B Bl

i mod 3 — 1 The DC3 method : mod 3 — 9

Introduce a new

G
|
Q
O
O
Q
o
Q
O
O
Q
o
o
&+

“filler symbol” $.

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Number the in lexicographical-arder (% is the simallést symbol)

let R/ =




B1 contains indices with

i mod 3 = 1 The DC3 method

University
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
o
o

Introduce a new

“filler symbol” $.

a b bja d aJb b ajd o $fb b a

Number the in lexicographical order ($ is the smallest symbol)

let R/ =




B1 contains indices with
tmod 3 =1

B9 contains indices with

The DC3 method

1 mod 3 = 2

10

11

B s

T=]yl|la|lb|bla|d|a]|b]|b d|o
I
Rlz 2 b bla d alb b d o § ntroduce a new
“filler symbol” $.
Ry = b b ald a b|b dlo $ $
Concatenate /71 and 9 to obtain R:
a b bla d alb b al|d o § b ald a b|b a d|lo $ §$
Number the in lexicographical order (% is the smallest symbol)

let R/ =

compute the suffix array of R’:



B1 contains indices with
tmod 3 =1

B9 contains indices with

The DC3 method

1 mod 3 = 2

10

11

B s

T=]yl|la|lb|bla|d|a]|b]|b d|o
Introd
Rlz a b b a d 3 b b d o $ ntroauce a new
“filler symbol” $.
Ry = b b a|ld a b|b dlo $ $
Concatenate /71 and 9 to obtain R:
a b bla d alb b alJd o $ b al|d a b|b a djo $ $
Number the in lexicographical order (% is the smallest symbol)

let R/ =

compute the suffix array of R’: 0




B1 contains indices with

B9 contains indices with

The DC3 method

Bt

University of
BRISTOL

tmod 3 =1 1 mod 3 = 2
o |[1|l2]| 3 |4]]5 10 | |11
T=1]yl|la|lb|bl|a]|d d|o
Rl _ 2 b bla d d o $ Introduce a new
“filler symbol” $.
Ry = b b ald dlo $ $
Concatenate /71 and 9 to obtain R:
a b bla d al|b b a b ald a b|lb a djo $ $

4

Recursion!

How do we compute the suffix array for R’?

(Notice that R’ has length 2n./3)

compute the suffix array of R’:

0

.

2

0

1

6




B1 contains indices with
tmod 3 =1

B9 contains indices with

The DC3 method

1 mod 3 = 2

10

11

B s

T=]yl|la|lb|bla|d|a]|b]|b d|o
Introd
Rlz a b b a d 3 b b d o $ ntroauce a new
“filler symbol” $.
Ry = b b a|ld a b|b dlo $ $
Concatenate /71 and 9 to obtain R:
a b bla d alb b alJd o $ b al|d a b|b a djo $ $
Number the in lexicographical order (% is the smallest symbol)

let R/ =

compute the suffix array of R’: 0




B1 contains indices with

The DC3 method

University of
B9 contains indices with EﬁE‘RJSTDL

tmod 3 =1 tmod 3 =2
o [11]|l2] 3 [|4]]|5 10 | |11
T=1]yl|la|lb|bl|a]|d d|o
Rl _ 2 b bla d d o Introduce a new
“filler symbol” $.
Ry = b b ald d]o $
Concatenate /71 and 9 to obtain R:
a b bla d alb b a b a a blb a d]lo $ $
Number the in lexicographical order (% is the smallest symbol)

let R/ =

compute the suffix array of R’:

5 6 7 what use

IS this?!




B1 contains indices with

i mod 3 = 1 The DC3 method

University of
B9 contains indices with EﬁE‘RJSTDL

1 mod 3 = 2

=
|
Q
O
O
Q
o
Q
O
O
Q
o
o

Introduce a new

“filler symbol” $.

Concatenate /71 and 9 to obtain R:
0 1 2 3 4

a b bla d alb b ald o $|b b a

Number the in lexicographical order ($ is the smallest symbol)

let R/ =

5§ 7 what use

compute the suffix array of R’: 0|1]|6]4

IS this?!




University of
B9 contains indices with EﬁBRJST*:-L

B1 contains indices with The DC3 hod
tmod 3 =1 © metho 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

what use

compute the suffix array of R’:




University of
B9 contains indices with EﬁBRJST*:-L

B1 contains indices with The DC3 hod
tmod 3 =1 © metho 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9y
what use

compute the suffix array of R’:




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9y

what use

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




B1 contains indices with B9 contains indices with Bl B!
| The DC3 method
tmod 3 =1 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R

what use

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Copcatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R

what use

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




University
B1 contains indices with B9 contains indices with B R

The DC3 method

tmod 3 =1 1 mod 3 = 2
o |11l21 3 |4|l5]| 6 |7|l8]| 9 [10]]|1
T = y/‘a blbla|d|la|b|b|a|d]|o
/
/l[la|b|b|la|d|a|b|bla|d]o
51{ld|la|b|bla|d]|o
Copcatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6 7
a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %
a b bla d alb b ald o $|b b alJd a blb a dlo $ $
Take any two suffixes in 51 U B9 and find them in R
_________________________________________________________________________________ whatuse
IS this?!

compute the suffix array of R’:




University
B1 contains indices with B9 contains indices with B R

The DC3 method

tmod 3 =1 1 mod 3 = 2
o |1|l2| 3 l4|l5| 6 |7|l8]| 9 0]
T:y/‘abbadNbbado
/ AN
/|{la|b|b|a b \b\a dj|o
51{ld |la|b|b a\\d\ o)
Copcatenate /71 and 9 to obtain R: \
0 1 2 3 4 5 6 7
a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %
a b bla d a|lb b alJd o $|b b alJd a b|lb a djo $ $
Take any two suffixes in 51 U B9 and find them in R
_________________________________________________________________________________ whatuse
IS this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




B1 contains indices with

The DC3 method

B9 contains indices with

B s

tmod 3 =1 tmod 3 = 2
o [1]l2] 3 |4]||5| 6 |7]|8] 9 |10
T:yzbbadNbbado
/ A
}/ al|b|b|a b\b\a d|o
5/ld|a|b|b a\\d\ o)
Copcatenate /71 and 9 to obtain R: \
0 1 2 3 4 5 6 7
a b bla d alb b al|ld o $|b b ald a b a dlo $ $
a b bla d alb b alJd o $|b b al]d a b a dlo $ $
d a b a dlo $ $
Take any two suffixes in 51 U B9 and find them in R
_________________________________________________________________________________ whatuse
IS this?!
compute the suffix array of R’: O(1]6]4 5|3




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:

0 1 2 3 4 5 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
a b bla d alb b ald o $|b b al|d a b|b a d|lo $ §
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
T e o o by e e e e B s this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




University of
B1 contains indices with B9 contains indices with B R

The DC3 method

tmod 3 =1 1t mod 3 = 2
o |[1/]2] 3 |4]|5] 6 |7]|8] 9 [10]]1
T = |y|a|lb|b|la|d|a|b]|b|a]|d]o
1/la|b|bjla|d|a|b|b]a|d]|o
5{|d|a|b|b|a|d]|o
Concatenate /71 and 9 to obtain R:
4@ 1 2 3 4 @ 6 7
a b bla d a|lb b a|l|d o $|b b al|d a b a dlo $ $
a b bla d alb b ald o $|b b al|d a b a dlo $ 9
d a b a d|lo $ $
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
S T s this?!

compute the suffix array of R’:




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

T=]yl|lalb|lblald|a|b|blal|d]o Suffix |1 |is smaller
than suffix |5

Concatenate /71 and 9 to obtain R:

4@ 1 2 3 4 @ 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
a b bla d alb b ald o $|b b al|d a b|b a d|lo $ §
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
S T s this?!

compute the suffix array of R’: 0| 1(6|4]|2[5]3]|7




University
B9 contains indices with EﬁBRJST*:-L

B1 contains indices with The DC3 thod
tmod 3 =1 © metno 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use

compute the suffix array of R’:




University of
B1 contains indices with B9 contains indices with B Bl

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




B1 contains indices with

The DC3 method

University
B9 contains indices with EgE‘RJSTDL

tmod 3 =1 1 mod 3 = 2
o |1|l2| 3 l4|l5| 6 |7|l8]| 9 0]
T = |y |la|b|bla]|d aﬂ) bla|d]|o
/
7ilb|bla|d]o
51ld/la|b|b|la|d|o
Concatenate /71 and RQRZ obtain R:
0 1 2 3 4 5 6 7
a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

b b ald o $|b b a

d a b

b a djo $ $

Take any two suffixes in 51 U B9 and find them in R

their order is given by the suffix array of R:

what use

compute the suffix array of R’: 0|1]|6]4




B1 contains indices with

The DC3 method

B9 contains indices with

B s

tmod 3 =1 tmod 3 = 2
o [1]|2] 3 [4]||5]| 6 [7]|8] 9 |10/
T'= |y|a|b|b|a dm blaj|d]o
[ =
71|b \b\a dj|o
5/|d/fa|b|Db a\\d\ 0
Concatenate /71 and RQRZ obtain R: \
0 1 2 3 4 5 6 7
a b bla d a|lb b a|Jd o $|b b al|d a b a dJo $ $
b b al|d o $|b b a|ld a b a dJo $ $
d a b a dlo $ $
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
_— s this?!
compute the suffix array of R’: O(1]6]4 5|3




University
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:

0 1 2 3 4 5 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
b b al|d o $|b b alJ]d a b|b a d|jo $ §$
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
T e o o by e e e e B s this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




University
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and o to obtain R:
T o NN © N S
a b bla d a|lb b alJd o $|b b al]d a b|b a d|lo $ $
b b al|d o $|b b a|ld a b|b a dJo $ $
d a b|lb a dljo $ $
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
IS this?!

compute the suffix array of R’: O(1]|6|4]2]|5|3]7




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

T=]yl|lalb|lblald|a|b|blal|d]o Suffix |7 |is smaller
than suffix |5

Concatenate /71 and o to obtain R:
T o NN © N S
a b bla d a|lb b alJd o $|b b al]d a b|b a d|lo $ $
b b al|d o $|b b a|ld a b|b a dJo $ $
d a b|lb a dljo $ $
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
IS this?!

compute the suffix array of R’: O(1]|6|4]2]|5|3]7




University
B9 contains indices with EﬁBRJST*:-L

B1 contains indices with The DC3 thod
tmod 3 =1 © metno 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use

compute the suffix array of R’:




B1 contains indices with B9 contains indices with Bl B!
| The DC3 method
tmod 3 =1 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R: what use

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




B1 contains indices with

The DC3 method

University
B9 contains indices with Egli'RJSTC-L

tmod 3 =1 tmod 3 = 2
o [1]|l2] 3 |4 8| 9 |10/
T:yabbadNbbado
2 |b|b|a b \b\a d|o
5/1ld |a|b (b a\\d\ 0
Concatenate /71 and 9 to obtain R: \
0 1 2 3 4 5 6 7
a b blJa d a|lb b al|d o $|b b al|d a b a dlo $ $
b b a|d a b a dlo $ §$
d a b a dlo $ $
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
is this?!
compute the suffix array of R’: 016 5|3




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:

0 1 2 3 4 5 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
b b ald a b|lb a dlo $ §$
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
T e o o by e e e e B s this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]|7




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

Concatenate /71 and 9 to obtain R:

0 1 2 3. @__@ 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
b b ald a b|lb a dlo $ §$
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
T e o e b e = e e B s this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]7




Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

T=]yl|lalb|lblald|a|b|blal|d]o Suffix |2 |is smaller

than suffix |5

Concatenate /71 and 9 to obtain R:

0 1 2 3. @__@ 6 7
a b bla d a|lb b a|l|d o $|b b a|ld a b|b a d|jo $ $
b b ald a b|lb a dlo $ §$
d a b|lb a d|o $ §$
Take any two suffixes in 51 U B9 and find them in R
their order is given by the suffix array of R’ what use
T e o e b e = e e B s this?!

compute the suffix array of R’: O(1]|6|4]2|5|3]7




University of
B9 contains indices with EﬁBRJST*:-L

B1 contains indices with The DC3 hod
tmod 3 =1 © metho 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

what use

compute the suffix array of R’:




B1 contains indices with B9 contains indices with Bl B!
| The DC3 method
tmod 3 =1 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R': O(1]|6|4]2|5|3]|7




Univers
B1 contains indices with B9 contains indices with Bl B!

i mod 3 — 1 The DC3 method : mod 3 — 2

O (1112 3 |4}|5] 6 |7|I8] 9 |10} |1

T = y/‘a bw dm bxié 0

Copcatenate §1 and [Ropfo obtain
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R': O(1]|6|4]2|5|3]|7




University
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

O (1112 3 |4}|5] 6 |7|I8] 9 |10} |1

T = y/‘a bw dm bxié 0

Copcatenate §1 and [Ropfo obtain
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R': O(1]|6|4]2|5|3]|7

after relabelling,



Univers
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

O (1112 3 |4}|5] 6 |7|I8] 9 |10} |1

T = y/‘a bw dm bxﬂj 0

Copcatenate §1 and [Ropfo obtain
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R': O(1]|6|4]2|5|3]|7

after relabelling, 114182 7]5 (1011




University
B1 contains indices with B9 contains indices with B R

;i od 3 — 1 The DC3 method : mod 3 — 9

O (1112 3 |4}|5] 6 |7|I8] 9 |10} |1

T = y/‘a bw dm bxﬂj 0

Copcatenate §1 and [Ropfo obtain
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R': O(1]|6|4]2|5|3]|7

after relabelling, 114182 7]5 (1011

we have the suffix array of just the suffixes from 51 U B9



University of
B9 contains indices with EﬁE‘RJSTDL

B1 contains indices with The DC3 thod
tmod 3 =1 © metno 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R’: 0

after relabelling, 114182 7]5 (1011

we have the suffix array of just the suffixes from 51 U B9



University of
B9 contains indices with EﬁE‘RJSTDL

B1 contains indices with The DC3 thod
tmod 3 =1 © metno 1 mod 3 = 2

Concatenate /71 and 9 to obtain R:
0 1 2 3 4 5 6

a b bla d alb b alJd o $|b b ald a b|lb a djljo $ %

The suffix array of R’: 0

after relabelling, 114182 7]5 (1011

we have the suffix array of just the suffixes from 51 U B9

How do we find the ordering of the suffixes from /5 ? (where 2 mod 3 = 0)



University of
B1 contains indices with B9 contains indices with Bl B!

i mod 3 — 1 The DC3 method : mod 3 — 2

How do we find the ordering of the suffixes from /5 ? (where 2 mod 3 = 0)



Univers
B1 contains indices with B9 contains indices with Bl B!

i mod 3 — 1 The DC3 method : mod 3 — 2

Suffix array for just 51 U B9 1141812751011

How do we find the ordering of the suffixes from /5? (where 2 mod 3 = 0)



Univers
B1 contains indices with B9 contains indices with Bl B!

i mod 3 — 1 The DC3 method : mod 3 — 2

Suffix array for just 51 U B9 1141812751011

How do we find the ordering of the suffixes from /5? (where 2 mod 3 = 0)



B1 contains indices with

The DC3 method

tmod 3 =1 1t mod 3 = 2
o/l1||2]!3/|4]|5]!6!|7]||8]!9|10]]1
T =|y|la|b|bla|d|a|b|b]a|d]|o
o|lyla|lb|bla|d|a|b|b|a|d]|o
3|bla|d|a|b|b|a]|d]o
6 la|b|bla|d]|o
9 la|d]|o

0o 1 2 5 6 7
Suffix array for just 51 U B9 11418 o |10]11

B9 contains indices with

How do we find the ordering of the suffixes from

? (where 2 mod 3 = 0)

B s



B1 contains indices with

The DC3 method

tmod 3 =1 1t mod 3 = 2
o/l1||2]!3/|4]|5]!6!|7]||8]!9|10]]1
T =|y|la|b|bla|d|a|b|b]a|d]|o

o|lyla|b|b|la|d|a|b|bl|la|d|o| = |y |T
3|bla|d|a|b|b|a]|d]o
6 la|b|bla|d]|o
9 la|d]|o

0o 1 2 5 6 7

Suffix array for just 51 U B9 11418 o |10]11

B9 contains indices with

How do we find the ordering of the suffixes from

? (where 2 mod 3 = 0)

Bt

University
BR.ISTDL



University of
B1 contains indices with B9 contains indices with B Bl

;i od 3 — 1 The DC3 method : mod 3 — 9

T =|y|la|b|bla|d|a|b|b]a|d]|o
o|lyla|b|bla|d|la|lb|bla|d|o| = |y |T |1
3|blaj|d|a|b|bla|d]o \ \
slalblblaldlo suffixOisay |
followed by suffix 1
9 la|d]|o

Suffix array for just 51 U B9 1141812751011

How do we find the ordering of the suffixes from /5? (where 2 mod 3 = 0)



B1 contains indices with

The DC3 method

tmod 3 =1 1t mod 3 = 2
o/l1||2]!3/|4]|5]!6!|7]||8]!9|10]]1
T =|y|la|b|bla|d|a|b|b]a|d]|o

o|lyla|b|b|la|d|a|b|bl|la|d|o| = |y |T
3|bla|d|a|b|b|a]|d]o
6 la|b|bla|d]|o
9 la|d]|o

0o 1 2 5 6 7

Suffix array for just 51 U B9 11418 o |10]11

B9 contains indices with

How do we find the ordering of the suffixes from

? (where 2 mod 3 = 0)

Bt

University
BR.ISTDL



B1 contains indices with

The DC3 method

B9 contains indices with

tmod 3 =1 1t mod 3 = 2
off1]{2]i3]|4f|5]l6 |7 /||8] 9 ||w0]]H
T =|y|la|b|bla|d|a|b|b]a|d]|o
o|lyla|b|lbla|d|a|b|bla|d]|o| = |y |T [
3|blald|a|b|bla|d|o| = |b|T |4
6 lalb|blald|o| = |a|T|7
9 la|d|o| = |a|T |0
0 1 2 5 6 7
Suffix array for just 51 U B9 11418 o |10]11

How do we find the ordering of the suffixes from

? (where 2 mod 3 = 0)

Bt

University
BR.ISTDL



University of
B1 contains indices with B9 contains indices with B Bl

;i od 3 — 1 The DC3 method : mod 3 — 9

T =|y|la|b|bla|d|a|b|b]a|d]|o
o|lyla|b|bla|d|la|lb|bla|d|o| = |y |T |1
3|/blald|albl|blald|o| = |b|T |4
6 lalblblald|o| = |a|T |7
9lald|o]| = |a|T |0

Each suffix ¢ € is represented by (71'[], ) where 7 is the rank of suffix (7 + 1)
(the ranks are given by the array below)

rank: 0 1 2 3 4 5 6 7
Suffix array for just 51 U B9 1141812751011

How do we find the ordering of the suffixes from /5? (where 2 mod 3 = 0)



University of
B1 contains indices with B9 contains indices with B Bl

;i od 3 — 1 The DC3 method : mod 3 — 9

T =|y|la|b|bla|d|a|b|b]a|d]|o
olylalb|blald|al|b|b|al|d|o| = |y |+ [ (y,0)
3|blald|a|b|blald|o| = |b|T |4 (b,1)
6 |la|lblblald|o| = |a|T |7 (a,4)
9 |la|d|o| = |a|T |0 (a,6)

Each suffix ¢ € is represented by (71'[], ) where 7 is the rank of suffix (7 + 1)
(the ranks are given by the array below)

rank: 0 1 2 3 4 5 6 7
Suffix array for just 51 U B9 1141812751011

How do we find the ordering of the suffixes from /5? (where 2 mod 3 = 0)



B1 contains indices with B9 contains indices with

i mod 3 — 1 The DC3 method : mod 3 — 9

B s

T =|y|la|b|bla|d|a|b|b]a|d]|o
o|ly|lalb|blald|al|b|blald|o]| =1y |+ [ (y,0)
3|blald|a|b|blald|o| = |b|T |4 (b,1)
6 |la|lblblald|o| = |a|T |7 (a,4)
9 |la|d|o| = |a|T |0 (a,6)

Each suffix ¢ € is represented by (71'[], ) where 7 is the rank of suffix (7 + 1)
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The DC3 method

Theorem

The DC3 algorithm constructs a suffix array in O(n) time.

Proof radix sorting and merging

Suppose 1'(n) is the running time. We have /

T(n)=T(12n/3) + O(n)

-~

recursion to construct
Solving this recurrence gives 7'(n) € O(n). a suffix array of size 2n/3
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The suffix array

T |blaln|ja|ln|al|s

Sort the suffixes lexicographically

Suffix Array 11350246

S NN O Ot W o
-y
S|
S
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Finding an occurrence of a pattern (length m) takes O(m log n) time
Finding all occurrences takes O (m log n + occ) time

where occ is the number of occurences

This can be further improved to O (m + log n + occ) time
(using LCP queries which we will see in a future lecture)

We can construct the suffix array in O(n) time



