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Range minimum query

Preprocess an integer array A (length n) to answer range minimum queries. ...
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After preprocessing, a range minimum query is given by RMQ(z, 7)
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After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]
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Range minimum query

Preprocess an integer array A (length n) to answer range minimum queries. ...
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After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]



Range minimum query

Preprocess an integer array A (length n) to answer range minimum queries. ...
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After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]
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Preprocess an integer array A (length n) to answer range minimum queries. ...
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After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]
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Range minimum query

Preprocess an integer array A (length n) to answer range minimum queries. ...
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i=3 T =T
RMQ(3,7) = 6

After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]

e.g. RMQ(3, 7) = 6, which is the location of the smallest element in A[3, 7]



Range minimum query

Preprocess an integer array A (length n) to answer range minimum queries. ...
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RMQ(5,11) = 8

After preprocessing, a range minimum query is given by RMQ(z, 7)

j=11

e.g. RMQ(3, 7) = 6, which is the location of the smallest element in A|[3, 7]

the output is the location of the smallest element in A |7, j]

e.g. RMQ(5, 11) = 8, which is the location of the smallest element in A[5, 11]
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Range minimum query
Preprocess an integer array A (length n) to answer range minimum queries. ...
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RMQ(5,11) = 8

j=11

After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]

e.g. RMQ(3, 7) = 6, which is the location of the smallest element in A[3, 7]
e.g. RMQ(5, 11) = 8, which is the location of the smallest element in A[5, 11]

® We will discuss several algorithms which give trade-offs between

space used, prep. time and query time
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Range minimum query
Preprocess an integer array A (length n) to answer range minimum queries. ...
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| n |
A 231171 8 |73|51182119(32| 5 |67 [91[14(46| 9 |21|54

=5 A

RMQ(5,11) = 8

j=11

After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]

e.g. RMQ(3, 7) = 6, which is the location of the smallest element in A[3, 7]
e.g. RMQ(5, 11) = 8, which is the location of the smallest element in A[5, 11]

® We will discuss several algorithms which give trade-offs between

space used, prep. time and query time

® Ideally we would like O(n) space, O(n) prep. time and O(1) query time
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Block decomposition

smallest from each pair
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Block decomposition

(%, v)

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

A}, is an array of length 7 so that for all i: A, [i]
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Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

We store Ap. forallk = 1,2,4,8...

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.
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Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?
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Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this? O(n) in total
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A}, is an array of length 7 so that for all i: A, [i]

We store Ap. forallk = 1,2,4,8... < n

Block decomposition
(z,v)

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

How much space is this? O(n) in total
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Block decomposition

A}, is an array of length 7 so that for all i: Ay, [i] = (z,v)

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this? O(n) in total ~
P TTTTTTTTTTT Tt S
A : 5 R
16 : : 16
AR prrnnemrnossmenossesnases P
Ag 18 5 i 8 >O(n)
° : ® 1 © : ®
. FrTTTTTITIee Foonmmomonnnes proTmmmmmmeees Pt
Ay g 19 5 P9 L
: ® ® 106 . ® :
Foomnet oottt Foomttt oottt Foomntt £ootttT Foomnet oottt P
Ag b 1ri8 51 H19 i5 b 14b 9i21 i &
D 06 o 6 6 7 0, 66 |
A 23|17| 8 |73|51(82|19(32| 5 |67|91|14|46| 9 |21|54

n
P00 OOOOOOOODOBO B B




Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this? O(n) in total
: 5 :
: :
: 8 : 5 :
' ® '® :
: g8 19 :5 : 9 :
: ®@ ® 1106 o ® '
¢ 17+8 51 19 5 o+ 14+ 921
. O 106 e e v 0 6G:0
2317 8 [73]|51(82(19(32| 5 [67|91|14|46| 9 |21|54

n
P00 OOOOOOOODOBO B B

Bt

University of
BRISTOL



Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?

O(n) in total

How quickly can we build them?
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Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

Bt

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?

O(n) in total

How quickly can we build them?
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Block decomposition

A}, is an array of length 7 so that for all iz A [i] = (z,v)

where v is the minimum in A[ik, (7 4+ 1)k] and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?

O(n) in total

How quickly can we build them?
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Block decomposition

A}, is an array of length 7 so that for all iz A [i] = (z,v)

-
a2

where v is the minimum in A[ik, (7 4+ 1)k] and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?

O(n) in total

How quickly can we build them?

O(n) preprocessing time
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Block decomposition
(z,v)

A}, is an array of length 7 so that for all i: A, [i]

where v is the minimum in A[ik, (¢ + 1)k| and x is its location in A.

We store Ap. forallk = 1,2,4,8... < n

How much space is this?

O(n) in total

How quickly can we build them?

O(n) preprocessing time
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Block decomposition

How do we find RMQ(i,j)?
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Block decomposition

How do we find RMQ(i,j)?
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How do we find RMQ(i,j)?

Find the largest block which

Block decomposition

is completely contained within the query interval

RMQ(1,9)
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How do we find RMQ(i,j)?

Find the largest block which

Block decomposition

is completely contained within the query interval

RMQ(1,9)
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How do we find RMQ(i,j)?

Repeat:

Block decomposition

Find the largest block which

is completely contained within the query interval

but doesn’t overlap a block you chose before

RMQ(1,9)
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

RMQ(1,9)
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

RMQ(1,9)

(break ties arbitrarily)
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How do we find RMQ(i)? Block decomposition
Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before
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How do we find RMQ(i)? Block decomposition
Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
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because they cover the query

r 9 ]
N :

14: 9121
DX ERAC) '
91(14|46| 9 |21|54

n
Plo e @ 006 0|00 @6 6 @

University of
BRISTOL



How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
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because they cover the query

How many blocks do we pick?
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How do we find RMQ(i,j)?

Repeat:

Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

because they cover the query
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Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
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is completely contained within the query interval
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How do we find RMQ(i,j)?

Block decomposition

Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

How many blocks do we pick?

g hever three
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How do we find RMQ(i,j)?

Block decomposition

Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

How many blocks do we pick?

...................................... at most 2 blocks of each size
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

because they cover the query

How many blocks do we pick?
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How do we find RMQ(i,j)?

Block decomposition

Repeat: Find the largest block which

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

B SRt

because they cover the query

How many blocks do we pick?
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

because they cover the query
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How do we find RMQ(ij)? Block decomposition

Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

A16 How many blocks do we pick?
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How do we find RMQ(ij)? Block decomposition

Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

A16 How many blocks do we pick?
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How do we find RMQ(i,j)?

Block decomposition

Repeat: Find the largest block which

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

B SRt

because they cover the query

How many blocks do we pick?

...................................... at most 2 blocks of each size
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How do we find RMQ(i)? Block decomposition
Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query
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How do we find RMQ(i,j)?

Block decomposition

Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

How many blocks do we pick?

.................................... at most 2 blocks of each size
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B SR
How do we find RMQ(ij)? Block decomposition
Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

A16 How many blocks do we pick?
P R R at most 2 blocks of each size
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How do we find RMQ(i,j)?

Repeat: Find the largest block which

Block decomposition

is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks

B SRt

because they cover the query

How many blocks do we pick?

at most 2 blocks of each size
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B SR
How do we find RMQ(ij)? Block decomposition
Repeat: Find the largest block which
is completely contained within the query interval

but doesn’t overlap a block you chose before

The minimum is the smallest in all these blocks
because they cover the query

A16 How many blocks do we pick?
P R R at most 2 blocks of each size
Ag 5 :
: :
I ' . There are O(log n) sizes
Ay L9 :
: N Picking the blocks from
A A promees N Ay takes O(1) time
Ag : 19 14: 921 L=
: ' © = -
' : Sowe have ...  O(n) space,
A O(n) prep time
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Key Idea precompute the answers for every interval of length 2,4, 8, 16 . ..
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e e # stored in Ry
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More space, faster queries

Key Idea precompute the answers for every interval of length 2,4, 8, 16 . ..
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S R 2. |T| ------------ » stored in Ry

The array R9 stores RMQ(7,7 + 1) for all ¢
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More space, faster queries

Key Idea precompute the answers for every interval of length 2,4, 8, 16 . ..

A |
e g > stored in R9
S R 2. |T| ------------ » stored in Ry

The array R9 stores RMQ(7,7 + 1) for all ¢
R4 stores RMQ(4, 7 + 3) for all
Rg stores RMQ(, 7 + 7) for all ¢
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O(1) query time
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Range minimum query summary

Preprocess an integer array A (length n) to answer range minimum queries. ...

I@@@E@@@@@

E@@@@@I

| 'y |
23117 8 |73151[82119(32| 5 (67]91|14(46| 9 (21|54
i=3 T =T
RMQ(3,7) = 6

After preprocessing, a range minimum query is given by RMQ(z, 7)

Solution 1
O(n) space
O(n) prep time

O(log n) query time

Solution 3

O(nloglogn) space

O(nloglogn) prep time

O(1) query time

the output is the location of the smallest element in A |7, j]
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O(nlogn) space
O(nlogn) prep time
O(1) query time
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i=3 T =T

RMQ(3,7) = 6

After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]
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Solution 1 Solution 2

O(nloglogn) space

O(n) space O(nlogn) space

O(nloglogn) prep time

O(n) prep time O(nlogn) prep time

O(1) query time

O(log n) query time O(1) query time

Can we do O(n) space and O(1) query time?
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Preprocess an integer array A (length n) to answer range minimum queries. ...
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i=3 T =T
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After preprocessing, a range minimum query is given by RMQ(z, 7)
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. Solution 3 .
Solution 1 Solution 2

O(nloglogn) space

O(n) space O(nlogn) space

O(nloglogn) prep time

O(n) prep time O(nlogn) prep time

O(1) query time

O(log n) query time O(1) query time

Can we do O(n) space and O(1) query time? Yes...
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Range minimum query summary

Preprocess an integer array A (length n) to answer range minimum queries. ...

I@@@E@@@@@E@@@@@I
| : 'y |

A 23|17| 8 |73|51|82119|32| 5 (67(91(14({46| 9 [21|54

i=3 T =T

RMQ(3,7) = 6

After preprocessing, a range minimum query is given by RMQ(z, 7)

the output is the location of the smallest element in A |7, j]

Solution 3 .
Solution 1 Solution 2

O(nloglogn) space

O(n) space O(nlogn) space

O(nloglogn) prep time

O(n) prep time O(nlogn) prep time

O(1) query time

O(log n) query time O(1) query time

Can we do O(n) space and O(1) query time? Yes...  but not until next lecture



